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Abstract. The aim of this paper is to build a new family of lattices related 
to some combinatorial extremal sum problems, in particular to a conjecture of 
Manickam, Miklos and Singhi. We study the fundamentals properties of such 
lattices and of a particular class of boolean functions defined on them. 



0. Introduction 

Let n, r be two fixed integers such that < r < n and let /„ = {1, 2 ■ • • ,n}. In 
the first part of this paper (Section [T]) we define a partial order □ on the power 
set !?(/„) having the following property : ii X,Y are two subsets of /„ such that 
X QY, then X^iex ^» — Siey '^^i each rt-multiset {ai, • • • , a„} of real numbers 
such that ai > • • • > Or > > a^+i > • • • > a„. This order defines a lattice 
structure on that we will denote by (S'(n,r),C). We show as this lattice 

is distributive, graded (Section [5]), involutive (Section [3]), i.e. X C F implies 
yc |— g^^^ g^jgQ gj.^g g^j-^ algorlthmlc method to generate uniquely its Hasse 
diagram (Section |4|) and a recursive formula to count the number of its elements 
having fixed rank (Section [5|) . 

In the second part of the paper (Section [6]) we establish the connection between 
the lattice S{n, r) and some combinatorial extremal sum problems related to a 
conjecture of Manickam, Miklos and Singhi. We give an interpretation of these 
problems in terms of a particular class of boolean maps defined on S{n, r) (Section 
13). 

Now we briefly summarize the historical motivations that have led us to build 
the lattice S{n, r) and the other associated structures. 

In [21] the authors asked the following question: let n be an integer strictly greater 
than 1 and ai, • • • a„ he real numbers satisfying the property X]i=i '^i — 0- We may 
ask: how many of the subsets of the set {ai, • • • , a„} will have a non-negative sum? 
Following the notations of [21j . the authors denote with A{n) the minimum number 
of the non- negative partial sums of a sum > 0, not counting the empty 

sum, if we take all the possible choices of the a^'s. They prove (see Theorem 1 
in [21]) that A{n) = 2"^~^ and they explain as Erdos, Ko and Rado investigated 
a question with an answer similar to this one: what is the maximum number of 
pairwise intersecting subsets of a n— elements set? As in their case, here also the 
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question becomes more difficult if we restrict ourselves to the d-subsets. More de- 
tails about this remark can be find in the famous theorem of Erdos-Ko-Rado [15] 
(see also [T^ for an easy proof of it). 

Formally, with the introduction of the positive integer d, the problem is the fol- 
lowing. Let 1 < c? < n be an integer; a function /:/„—> M is called a n— weight 
function if J2xei„ ^^^) — ^■ 

Denote with W„(K) the set of all the weight functions and if / £ M^„(M) we set 

/+ = |{x e /„ : /(a;) > 0}|, 

a(/) = |{rc/„: ^/(y)>0}|, 

yeY 

HLd) = \{YCI,,:\Y\^d,J2fiy)>0}l 

and furthermore 

^{n, d) = min{0(/, d) : / e W„(R)}. 
If / is such that /(I) = n - 1, /(2) = • ■ • = f{n) = -1, it follows that ^{n,d) < 

(T-D- 

In [8], Bier and Manickam proved that V^C?!, d) = (^Zj) if n > d{d ~ l)'^ {d - 2^ + d'*' 
and tp^rijd) = (^Zj) if d\n. Both the proofs use the Baranyai theorem on the 
factorization of complete hypergraphs |3] (see also [23] for a modern exposition of 
the theorem). 

In [21] and [20] it was conjectured that ipin, d) > (^ij) if n > Ad. In [20] this 
conjecture has been set in the more general context of the association schemes 
(see [3] for general references on the subject). In the sequel we will refer to this 
conjecture as the Manickam-Miklos-Singhi (MMS) Conjecture. This conjecture is 
connected with the first distribution invariant of the Johnson association scheme 
(see [8], [20], [18], [E]). The distribution invariants were introduced by Bier [7], 
and later investigated in [9], [17], [E], [20]. In [20] the authors claim that this 
conjecture is, in some sense, dual to the theorem of Erdos-Ko-Rado [T3]. Moreover, 
as pointed out in [22], this conjecture settles some cases of another conjecture on 
multiplicative functions by Alladi, Erdos and Vaaler, [2]. Partial results related 
to the Manickam-Miklos-Singhi conjecture have been obtained also in [5], [6], [llj . 

Now, if 1 < r < n, we set: 

(1) 7(n, r) = min{a(/) : / G I^„(R), /+ - r}, 

(2) 7(n, d, r) = min{0(/, d) : f e W^R), /+ = r}. 

The numbers ^{n^d,r) have been introduced in [XT' and they also have been 
studied in !l2 , in order to solve the Manickam-Miklos-Singhi conjecture, because 
it is obviuos that: 

(3) '4'{n,d) — min{7(n,d, r) : 1 < r < n}. 

Therefore the complete computation of these numbers gives an answer to the 
MMS conjecture but this is not the purpose of this paper. 

In [21] it has been proved that 7(n, r) > 2"^^ for each r, and that j{n, 1) = 2"~^. 
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Question 0.1. Is it true that ^{n,r) — 2" ^ for each r? 

This is true if, for each r such that 1 < r < n, we can find a function / S VK„(R) 
with a(/) = 2"-i. 

Let us observe now that when we have a n-weight function /, the standard ways 
to produce n-subsets on which / takes non-negative values are the following : 

(i) if we know that X and Y are two subsets of /„ such that X^ajGX ■/'(■^) — ^ 
LajGX /(^) ^ Y^xeY fi^)' tli'^n also J2xeY f(^) ^ (monotone property); 

(ii) if we know that J2xex f(^) ^ then J2xeX'= fi^) — *-* {complementary 
property) . 

Then we ask: 

A) Is it possible to axiomatize the properties (i) and (ii) in some type of abstract 
structure in such a way that the sum extremal problems upon described become 
particular extremal problems of more general problems? 

B) In such abstract structure can we find unexpected links with other theories 
which help us to solve these sum extremal problems? 

C) Is it possible to define an algorithmic strategy in such abstract structure to 
approach these sum extremal problems in a deterministic way? 

In this paper we show that the answer to all the previous questions is affirmative. 

We define a partial order C on the subsets of /„ such that if X and Y are two 
subsets with X C F, then J2xex /(^) — J2xeY fi^)' for each n-weight function /. 
In the first part of this paper, we study the fundamental properties of this order 
(see Section m El E]). 

The attempt of computing the numbers in ((T]) and ([2]) for each n, d, r gives us 
the idea to construct two types of lattices, denoted by S{n,r) and S{n,d,r), and 
to transform the problem of computing the numbers j{n, r) and ^{n, d, r) into the 
problem of computing a minimal cardinality on a family of posets. 
This way of consider the problem has many advantages. For example, when we 
try to prove that 7(n, r) is not greater than 2"^^ for each r, we need to build a 
particular n-weight function / with — r such that a(/) < 2"~^. In general, this 
leads to examine a certain number of inequalities, and if such number is big the 
determination of / can be difficult. The case of ^{n, d, r) is similar and, obviously, 
more difficult. In general, if our aim is to prove that 7(n, r) <T (or 7(n, d, r) < T), 
for some number T, it is natural to ask : is it possible to determine a minimal 
number of inequalities which leads us to find a n-weight function / with /+ — r, 
such that a{f) < T (or (j){f,d) < T)l If we identify (in some sense) each n-weight 
function with a particular type of boolean map defined on the lattice of the subsets 
of /„, with the order the number of these maps will be finite, and even if such 
number is large, the study of the properties of the lattice could lead to examine a 
more restricted class of these maps, that lends itself to a simpler study. 

To better understand what we have just asserted, let us consider an example. 

Example 0.2. Let n = 8 and r — d— b. Let / be the following 8-weight function 
with /+ 5 : 
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(Upon we have written Is in the form {5, 4, 3, 2, 1, 1, 2, 3}, and in the following 
we write, for example, the 5-tuple 5312 3 as 531|23). It follows easily that (p{f, 5) — 
Q +3(4) = 16. Therefore, by ([2]) we have 7(8, 5, 5) < 16. To prove that also the 
inverse inequality holds, we fix an arbitrary 8-weight function / with /"*" = 5 and we 
prove that it has always at least 16 5-tuples on which it takes a non-negative value. 
Then, if we consider the 5-tuple 4321 1 3, it is easy to see that its non- negativity 
implies also the non- negativity of 16 other 5-tuples (included itself). This means 
that in the sublattice S'(8,5,5) of the lattice S'(8, 5) the element 4321|3 spans an 
up-set having 16 elements. Then we say that the element 4321|3 has positive weight 
16. Therefore we can assume that / has negative sum on 4321 13. Since / is 
a weight-function, it takes then non-negative sum on the complementary 3-tuple 
5 1 12. It is easily seen then that the non-negativity of 5 1 12 produces exactly the non- 
negativity of 15 other 5-tuples. Let us consider now the 5-tuple 4321 11 (which is 
not included in the non- negative 5-tuples above described). If / takes non- negative 
sum on 4321 1 1, we have produced exactly 16 other 5-tuplcs with non- negative sum 
for /. If / takes negative sum on 4321|1, then it must take non-negative sum 
on the complementary 3-tuple 5|23, and this produces 16 other 5-tuples having 
non-negative sum and different from the previous 15 5-tuples; therefore we obtain 
in this case (15 -I- 16 = 31) 5-tuples having non-negative sum. This shows that 
7(8,5,5)^16. 

In the previous computation of the number 7(8, 5, 5) we can note as the only 
properties that we have used are the monotone and the complementary properties. 
Then, to define an algorithmic procedure which holds for each value of n, d and 
r, we need an order structure which includes all the subsets of /„, and not only 
those with d elements, since their set is not closed with respect to complementary 
operation. 

In this paper we concentrate our attention on the numbers 7(71,, r) and we will 
approach the study of the 7(71, d, r)'s in subsequent papers. Here we build a formal 
context which makes sense out of what is said above and also out of the question 
raised in [21]: "What is the structure of the constructions giving this extremal 
value?". We show also that the problems above described can be considered as 
problems related to a particular class of boolean functions defined on our order 
structures. The properties of these boolean functions generalize the essential prop- 
erties of the weight-functions, i.e. the order preserving and the complementary 
property. 

In Section[71 we state two open problems, which are substantially two statements 
of representation theorems. If the answer to these problems will be affirmative, the 
problem of determining the numbers 7(n, r) and ^{n, d, r) will be equivalent to the 
problem of determining the minimum number of elements which have value 1 for 
a particular type of boolean functions. The advantage of this approach consists in 
the possibility to use the results of the combinatorial lattice theory. 

To conclude, we believe that the study of the extremal sum problems settled 
in [21] and in [2D] (among which the Manickam-Miklos-Singhi Conjecture), in the 
setting of the lattices S{n, r), is interesting because it can lead to unexpected links 
among the combinatorial theory of the lattices, the theory of association schemes 
(good references for the link between the association schemes and the extremal 
problem on the non- negative sums of real numbers are [8], [l7], [18], [19], [20]), the 
transversal theory (see [12] , in which the Hall theorem has been used for computing 
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the 7(?T., d, r)'s with n = 2d + 2 and n — r = 3) and the theory of boolean functions 
defined on particular classes of posets. 

For example this lattice structure S{n,r) could be useful in the computation of 
the higher order distribution invariants of the Johnson association scheme, [20] , [8] : 
this will be the main object of a forthcoming investigation. 

In this paper we adopt the classical terminology and notations usually used in 
the context of the partially ordered sets (see and [23^ for the general aspects 
on this subject). In particular, if {P, <) is a poset and Q C P, we set i Q = {y ^ 
P \ {3 X e Q) y < x}, Q ^ {y & P \ X e Q) y > x}, and i {x} =i x, 
t {x} =t X, for each x £ P. A subset Q of P is said to be a down-set (or up-set) of 

Pif g=;g (orQ=tQ). 

1. The Lattice S{n,r) and its Sublattice S{n,d,r) 

Let n and r be two fixed integers such that < r < n. We denote with A{n, r) an 
alphabet composed by the following {n+1) formal symbols: 1, • • • , f , 0^, 1, ■ ■ ■ ,n — 
We introduce on A{n, r) the following total order: 

(5) ^ < 2 ^T^ 0§ -< i ^ 2 ^ < f , 



where n — r is the minimal element and f is the maximal element in this chain. 
If i,j e A{n,r), then we write i ^ j for i = j or i ~< j; i X j for the minimum 
and i Y j for the maximum between i and j with respect to i h j if j covers i 
with respect to ^ (i.e. if i ^ j and if there does not exist I G A{n, r) such that 
i ~< I ~< j); i j if j does not cover i with respect to j i for i < j\ j i for 
i < j. We set (C(n, r), C) the n-fold cartesian product poset A{n, r)". An arbitrary 
element of C(n, r) can be identified with an n-string ti ■ ■ -tn where ti G A{n, r) for 
all « = 1, • • • , n. Therefore, if ti • • • i„ and si • • • s„ are two strings of C(n, r), we 
have 

ti - ■ - tn QSi - ■ -Sn ti ^ Si, - ■ ■ ,tn dl Sn- 

We introduce now a particular subset S{n,r) of C(n, r). 

A string of S{n, r) is constructed as follows: it is a formal expression of the 
following type 

(6) ii---ir I jl- --jn-r, 

where ii, • • • , ir G {1, • ■ • 0^}, ji, • • • ,jn-r £ {1, • • • ,n — r, 0§} and where the 
choice of the symbols has to respect the following two rules, see (O and pO)): 

(7) iih---hirhO^ jn-r; 

furthermore, if we set 

ma.x{l : / G {1, ■ • • , r} with ii y 0^} ii I exists 
otherwise 



(8) P 
and 

(9) q = 
then 

, s «i ^ ■ • ■ >- 0§ , ip+i = ■ ■ ■ = ir = 0^ 

^ ^ Jl = ■ • ■ = Jg-i = 0§ , 0§ ^ ^ ■ • ■ ^ j„_. 



min{^ : Z G {1, ■ • • , n — r} with ji ^0^} if ^ exists 
n — r + 1 otherwise 
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If p = we assume that ii ~ ■ ■ ■ ^ ir = 0^ and the condition ii y ■■■ )~ ip y 0^ is 
empty; if q (n — r + 1), we assume that ji = ■ ■ ■ = jn-r = 0§ and the condition 
0^ y jq y ■ ■ ■ >~ jn~r IS empty. The formal symbols which appear in © will be 
written without " , ~ , and § ; the vertical bar | in ^ will indicate that the 
symbols on the left of | are in {1, • • • , 0§} and the symbols on the right of | are 
in {0^, 1, • • • ,n — r}. 

Example 1.1. a) If n = 3 and r = 2, then A(3, 2) = {2 ^ 1 0§ ^ 1} and 
5(3,2) = {21|0, 21|1, 10|0, 20|0, 10|1, 20|1, 00|1, 00|0}. 

b) If n = 3 and r 0, then A{3,0) = {0§ T ^ 2 >- 3} and S{3,0) = 
{|123, |023, |013, |012, |003, |002, |001, |000}. 

c) If n = and r — 0, then S{0, 0) will be identified with a singleton F corre- 
sponding to I without symbols. 

In the sequel S{n,r) will be considered as sub-poset of G{n, r) with the induced 
order from C after the restriction to S(n, r). Therefore, if w = ii ■ ■ ■ ir \ ji ■ ■ • jn-r 
and w' — ii ■ ■ ■ \ j\ • • - jn-r two strings in S{n, r), by definition of induced 
order we have 

wQw' il dlii, - ■ ■ ,ir dl ir, Jl dl j'l, ■ ■ ■ ,jn-r dl Jn-v 

As it is well known, (C(n,r), C) is a distributive lattice whose binary operations of 
inf and sup are given respectively by (ti ■ • ■ tn) A (si • • ■ s„) = {ti X Si) ■ ■ ■ {tn X s„), 
and (ii • ■ • i„) V (si ■ • ■ s„) = [ti Y Si) • • ■ (i„ Y s„). 

Example 1.2. If n = 7 and r = 4, and if wi = 4310|023, and W2 = 2100|012, are 
two elements of S'(7, 4), then wi A W2 = 2100|023, and wi V W2 = 4310|012. 

In general, if 'Wi,W2 G S{n,r) it is immediate to verify that wi Aw2 G S(n,r) 
and Wi V W2 € S{n, r). Therefore the following proposition holds: 

Proposition 1.3. {S{n,r),C-) is a distributive lattice. 

Proof. (C(n, r),!Z) is a distributive lattice and S{n,r) is closed with respect to A 
and V. Hence S{n,r) is a distributive sublattice of C(n,r). □ 

Definition 1.4. Ifwi,W2 G S{n,r), then 

i) Wi C W2 if wi \Z W2 arid wi ^ W2; 

ii) Wi ^ W2 if W2 covers wi with respect to the order □ in S{n,r) (i.e. if 
Wi C W2 and there doesn't exist w G S{n, r) such that wi \Z w \Z W2); 

iii) Wi W2 if W2 does not cover wi with respect to the order □ in S{n,r). 

Remark 1.5. The minimal element of S(n, r) is the string • • • 0|12 ■ ■ ■ (n — r) and 
the maximal element is r{r — 1) • • ■ 1|0 • • ■ 0. Sometimes they are denoted respectively 
with and 1. 

If w is a string in S{n^ r) in the form ^ with p and q defined as in ([5]) and Q 
(and ^ and HUD hold), we set: 

^ — {^1 J ' ' ' I *pi J? I ' ' ' I jn—r\- 



A CLASS OF LATTICES 



7 



For example, if w = 4310|013 G S'(7,4), then w* = {1,3,4,1,3}. In particular, if 
w = 0---0|0---Othenu)* =0. 
It stays defined a bijective map 

S{n, r)^w* e y{A{n, r) \ {0^). 

On the contrary, if S e ^(^(n, r)\{0§}), then B = B1UB2 (with BiflSa = 0) where 
Bi = {ii, • • • jp} C {i, • • • ,r} or Bi = and B2 = {jq, ■ ■ ■ ,jn-r} ^ {T, ■ • • ,n-r} 
or _B2 = 0, for some integer p and q such that l<p<r, l<(7<n — r, with 

h >~ ■ ■ ■ ^ ip>- 0^ >~ jq - ■ ■ >■ jn-r- 

We will set 

h---lpO---Q\Q---Qjq---in-r Bi^9 B2^% 

ii---ipO---0|0---00---0 Bi^% ^2=0 
0---00---0|0---Oj,j---j„_r Si=0 ^2 7^0 
0---00---0|0---00---0 Bi=$ ^2=0 

It stays defined a map: 

-■.Be ^(^(n, r) \ {0§}) ^Be S{n, r), 

which is the inverse of the previous map *, indeed: w* — w and (B)* = B, for each 
B e T(A(n, r) \ {0§}) and for each w G S{n, r). _ 

For example, if S = {1,1} e 9(^(7, 5) \ {0§}) then S = 10000|01 is the correspond- 
ing string in S{7, 5). 

We define now the following operations on S(n,r) : 
if wi,W2 e S{n,r), we will set 



B = 



i) wi \J W2 — wl L) 



ii) Wl n W2 — wl D W2; 



iii) w;^ = {wlY; 
where {w^)'^ means the complement of uj* in A{n, r) \ {0^}. 

For example, if wi = 4310|001 and W2 = 2000|012 are two strings of 5(7,4), then 
Wl U W2 = wlliw^ = {i,3,4,T}U{2,T, 2} = {1,2,3,4,1,2} = 4321|012; 

Wl n W2 = wfrTwJ = {i,3,4,T}n{2,T, 2} = {T} = 0000|00i; 

wi = 'C^^ = {1,3,4,1}'^ = {2,2,3} = 2000|023, and w§ = (w|)^ = {2,T,2}" = 
{1,3,4,3} = 4310|003. 



Remark 1.6. By previous definitions, it is immediate to verify that {w'^Y = w for 
all w e S(n, r). 

Now suppose that 1 < r < n and that d is a fixed integer such that 1 < d < n. 
We denote with S{n, d, r) the set of all the strings of S{n, r) such that in their form 
([6]) contain exactly d symbols of the alphabet A{n, r) different from 0^. 

Proposition 1.7. S(n,d,r) is a distributive sublattice of S{n,r). 

Proof. It is sufficient to prove that, given wi, W2 € S{n, d, r), it holds that wi Aw2 S 
S'(n, d, r) and wi V W2 G S{n, d, r). 
Then we have that: 

Wl = ii - ■ ■ ikO ■ ■ ■ 0|0 • • • Oiq ■ ■ ■ in-r 
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with ii, ■ 



W2 — ii' • ■ «pO • • • 0|0 • • • Oig 
,ik,k symbols different from 0^ and iq,- 



(d—k) symbols different 



from QS; i[- ■ - i'p, p symbols different from 0^ and ig, - ■■ ,i'n-ry ~ P) symbols 
different from 0^. 

If A; = p, then {d — k) = {d — p) and hence wi A W2 and w\ V W2 have exactly d 
symbols difForcnt from 0^. 

If A: > p, then w\_ V has k symbols different from 0^ on the left of | and since 
{d—k) < {d — p), WiV W2 has {d — k) symbols different from 0§ on the right of |; 
hence (L'l V W2 has exactly d symbols different from 0^. 

On the other hand, wi A W2 has p symbols different from 0§ on the left of |, and 
since {d — k) < {d — p), wi A W2 has {d — p) symbols different from 0^ on the right 
of |: hence wi A W2 has exactly d symbols different from 0§. 

Analogously iik <p. □ 

Remark 1.8. Let us observe that the map * induces a bijection between the power 
set with d elements of A{n,r) \ {0§}, denoted with \ {0^) O'lT'd the dis- 

tributive lattice S{n,d,r). 

2. Fundamental Properties of the Lattice S{n,r) 

The Hasse diagrams of the lattices S{n, r) for the first values of n and r are the 
following: 

5(0,0): o 
5(1,1): 911 5(1,0): 9II 



6o| 



610 



5(2,2) 



021 
9201 
pio| 
ioo| 



5(2,1): 




5(2,0) 



o|00 
i|01 
i|02 

i|i2 



5(3,3) : 




5(3,2): 



2110 
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5(3,1): 




5(4,2): 



00 1 12 



Proposition 2.1. IfO<r<n, then S{n, r) ^ S{r, r) x S{n - r, 0). 

Proof. Let {'Wp,'Wn) £ S{r,r) x S{n — r, 0), with wp = ii---ir\ and Wn = 
|ji---jn-r,whereii,-- - ,v G {1, 2, • • • f, 0§} and ji, • • • € {0§,T,2, ••• ,n-r}. 

We set ^p{wp,Wn) = «i • • • vIji • • • jn-r- It is easy to verity that <p is an isomorphism 
between S{r, r) x S{n — r, 0) and S{n, r). □ 

If wc don't want to specify which elements of a string w arc in {1, • • • ,f, 0^} 
and which are in {0^, 1, • • • n — r}. wc; simply write w = li ■ ■ ■ In- without specifying 
which Ij's are in {1, • • • , f, 0^} and which are in {0§,l,---n-r}. In any case, the 
order will he h y I2 h ■ ■ ■ h In- 



li l,q e A{n, r), we will set 

5{l,q) 



$ ii l = q 
{l,q) if 



If w = h ■ ■ ■ In and w' = l[- ■ - l'^ are two strings in S{n, r) we will set 

A{w,w') = {S{h,l[),--- ,S{ln,0)- 

Proposition 2.2. Let w = h---ln and w' = li---ln iwo strings in S{n,r). 
Then: 

w\=w' <^=> 

A(w, w') = (0, • • • ,0, {Ik, 4), 0, • • • ,0) for some fc e {1, • • ■ , n} where Ik I- I'k- 
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Proof. By contradiction, we distinguish three cases: 

1) there exists a couple {IkJ'k) different from in A{w,w') such that h ^ l'^- 
Since by hypothesis w \= w' , we have w \Z w'; therefore it must be I'j, and, for 
some I e A(n,r), it holds 

lk-<l < I'k- 

Hence the string wi = li ■ ■ ■ Ik-i^k+i • • • is such that w ^ wi \Z w' , against the 
hypothesis. 

2) there exist at least two couples {Ik, l'/,), {Is, I's) with {s > k) different from in 
A(w, w'), such that Ik ^ l'^. and Ig 1^ I's- Then, if we consider the string: 

U = li - ■ • Ik-lhlk+l • • • ^s-l's's+l ■ ■ - In, 

it follows that w n u \Z w' , against the hypothesis. 

3) all the components of A{w,w') are equal to 0. In this case, by definition of 
A{w, w') we will have that w = w' , against the hypothesis. 

<;= By hypothesis, we have that w w' because A(u;, w') = (0, • • • ,0, (/fe, Z^), 0, • • • 
with Ik h Suppose that the thesis is false, then there exists a w" £ S{n,r) such 
that w \Z w" n w' . Let w" — l^ • • • By hypothesis it follows that 

li = li = li 

if i k, and Ik ^ Ik ^ ^k^ ^^'^ hence Ik V' l^, against the hypothesis. □ 

We define now the function p : S{n, r) Nq as follows: 
if w = ii • • ■ v|ji • • • jn-r G S{n, r) and we consider the symbols ii, • ■ • , v, ji, • ■ • , jn- 
as non- negative integers (without" and"), then we set: 

p{w) = iiH Hr+\ji-l\-\ \-\jn~r-{n-~r)\ = iiH l-i,.+(l-ji)H \-{{n-r)-j. 

Proposition 2.3. The function p satisfies the following two properties: 

i) p(6) = 0; 

ii) if w, w' e S{n, r) and w ^ w' , then p{w') = p{w) + 1. 

Proof, i) Since = • • • 0|12 • • • (n — r), the thesis follows by the definition of p. 

ii) li {w = h ■ ■ ■ In) 1= {w' = I'l' ■ ■ I'n), by Proposition l2.2l we have that A{w, w') — 
(0, • • • ,0, {k, lt),9, • • • 0), for some t e {!,■■■ ,n}, with k h I't. We distinguish dif- 
ferent cases: 

1) suppose that 1 < t < r and k >- 0§. In this case we have that 

W ^ ll - ■ ■ It-lkk+l ■ ■ ■ lr\lr+l ■ ■ - In and w' ^ h - ■ ■ lt-l{lt + l)lt+l ■ ■ ■ lr\lr+l ' ' ' In- 

Hence p{w') = h + ■ ■ ■ + h-i + {k + 1) + h+i + ■ ■ ■ + Ir + YJkZi^ " ^r+k) = 

ELl Ik + EUlik Ir+k) + 1 - P{W) + 1. 

2) Suppose that 1 < t < r and k = 0§. In this case we have that l'^. = 1, hence 
w = li - ■ ■ It-iOO ■ ■ ■ 0\lr+i ■ ■ - In and w' — li ■ ■ ■ /t_ilO • • • 0\lr+i ■ ■ - In, from which it 
holds that p{w') = p{w) + 1. 

3) Suppose that < t < n and that It — 0^. In this case we have a contradiction 

because there doesn't exist an element l'^. in {O'*, 1, • • • ,n — r} which covers 0^. 

4) Suppose that {r + 1) < t < n and that It ~< 0§; since we consider It as 
an integer, it means that 1 < It < {n ~ r). In this case we have that w — 
h - ■■ lr\lr+i ■ ■ ■ h-iltk+i ■■■In and w' = Zi • • • lr\lr+i ■ ' • lt-i{lt " l)'t+i '■■In- There- 
fore p{w') = ELl k + T:Clk^t-rik - Ir+k) + [{t - r) - (/, - 1)] = ELl h + 

Z]fe=i (fc - Wfc) + 1 = p{w) + 1. 
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□ 



Proposition 2.4. S{n, r) is a graded lattice having rank R{n, r) — C^^^) + (" 2^^) 
and its rank function coincides with p. 

Proof. A finite distributive lattice is also graded, (see [23]), therefore S{n,r) is 
graded by Proposition 11.31 In order to calculate the rank of S{n,r), we need to 
determine a maximal chain and its length. We consider the following chain C in 

S{n, r) : 



1 = r(r -I)-- -21100 ■ 



• 1 string with r elements 

different from on the left of 



r(r+l) I (n— r+l)(n- 
2 ' 2 



r{r - l)(r - 2)0 • • • 0|00 • • • (r-2) strings with 3 elements 

: different from on the left of 

r{r- l)10---0|00---0 

r{r - 1)0 • • • 0|00 • • • (r-1) strings with 2 elements 

: different from on the left of 

rl0---0l00---0 

rO • • • 0|00 • • • r strings with 1 element 

\ : different from on the left of | 

10- • -0100 •••0 

00---0|00---0 

(n-r) strings with 1 element 
different from on the right of [ 



3 strings with (n-r-2) elements 
different from on the right of 

2 strings with (n-r-1) elements 
different from on the right of | 

) 1 string with (n-r) elements 
different from on the right of | 

+ (r ~ 1) + r) + 1 + (1 + 2 + h (n - r)) = 

+ 1 elements and hence the length of C is 



r 00 


••0|00-- 


1 




[ 00 


••0|00-- 


(n — 


r) 


( 00 •• 


0|001(4- 


■ ■ {n ^ 


-r) 


<^ 00 ■• 


002(4 • 


■ ■ (n ' 


-r) 


[ 00-- 


003(4 ■ 


■ ■ (n - 


-r) 


r oo•• 


0|01(34- 


■ {n - 


-r)] 


\ oo•• 


02(34- 


■ (n - 


-r)) 


6 == 00 


••00|(12 


■ • {n 


— r 



Therefore C has exactly (1 + 2 ^ 



/ n — r+l 
V 2 



(" 2^^) + Proposition l2.2[ each element of the chain covers the previous 
one with respect to the order □ in S{n,r). Furthermore, C has minimal element 
(the minimum of S{n, r)) and maximal element 1 (the maximum of S{n, r)), hence 
C is a maximal chain in S{n,r). Since C has R{n,r) + 1 elements and S{n,r) is 
graded, it follows that S{n,r) has rank R{n,r). Finally, since S{n,r) is a graded 
lattice of rank R{n, r) and it has as minimal element, its rank function has to be 
the unique function defined on S{n, r) and with values in {0, 1, • • • i?(n, r)} which 
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satisfies the i) and ii) of Proposition 12. 31 (see [23]). Hence such a function coincides 
with p, by the uniqueness property. □ 

The foUowing proposition shows that w and w'^ are symmetric in the Hasse 
diagram of S{n, r). 

Proposition 2.5. If w € S{n,r), then p{w) + p{w'^) = R{n,r). 

Proof. Let w — ii • • • vbi • • ' Jn-r and w'^ = ■ • • ir\ji • ■ ' jn-r- Then p{w) + 
Piw") = ELi + J2kZ[ik ~ jk) + ELi i'k + YTkllik - j'f,). By definition of u;'^ 
in S{n, r), it follows that X;Li + J2k=i «fc = ELi ^ and X;fe=[ Jfe + Efc=[ = 
Efe=[ fc- Hence pH+pK) = ELi fc+2Efc;[ k-'El^l k = J^l^i ^ + Efe=[ ^ = 
Cf) + =^(«-0- □ 

3. The order reversing property of C 

In general, (S'(n, r), C, 0, 1) isn't a boolean lattice. For example, if we take 
w = 54210|012 G 5(8,5), it is easy to verify that there doesn't exist an element 
w' £ 5(8, 5) such that w A w' — and w V w' = 1. In this section we will prove 
that the function w G S{n, r) i— > w'^ G S{n, r) is order reversing with respect to the 
order C, in the sense that if wi Q W2, then W2 ^ Wi- In the sequel, we will see that 
this property is fundamental to prove many results of this paper. 

Proposition 3.1. Let w, w' G S{n, r) be such that w' \= w then w'^ ^ [w'Y . 

Proof. Case 1) 

Let w and w' be distinct in the following way: 

w = ii - ■ ■ v-s-ilO • ■ • 0| • • • 
w' = ii - • ■ V-s-iOO • • • 0| • • • , 
where ii )~ ■ ■ ■ >- ir-s-i >~ 1- 

Consider now {w*Y and {{w')*)'^ : they are two elements of 7{A{n,r) \ {0^}). 
In (w*)'^ there are (s) elements of A{n,r) >- 0^ and in {{w')*)'^ there are (s + 1) 
elements of A{n,r) >~ 0§. Furthermore, 1 G {{w')*y and 1 ^ (w*)^, hence the 
symmetric difference between {w*)'^ and {{w')*)'^ is equal to {!}. From this, it 
follows that: 

{w'y = {iw')*y=ti---tslO---0\--- 

w" = {w*Y =<i---t,00---0|-- - , 

where {^i, • • • , ts, 1} = {ii, • • • , ir-s-i, 1, • • • , — rY in A{n, r) \ {0^} and ti >- 
• ■ • ^ >- 1. By Proposition [2?2l it follows that [w'Y covers w'^. 
Case 2) 

Adaptation of Case 1) to the elements on the right of |. 
Case 3) 

Let k be the index in which w and w' arc distinct, 1 < fc < r,, then: 
w ^ii- --ik-iiik + Y^k+i • • - ipO - • -01 • • ■ 
w' = n • • • ik-iikik+i • • • ipO • • • 0| • • • , 
with iiy ■■■ >- ik + I y ik ik+i >- ■ ■ ■ >~ ip >~ 0^ ■ 

Then, in {w*Y there are exactly g = (f — p) elements >- 0§ and in {{w'YY there 
are also q — {r ~ p) elements >- 0^. Moreover, it follows that it G (w*)^ \ {{w'YY 
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and ik+i G {{w')*)'^ \ (w*)'^, hence the symmetric difference between (w*)'^ and 
{{w')*Y is equal to {ifc,ifc+i}- From this, it follows that: 

{w'y = {{w')*y : • • • ti^iiik + i)ti+i . . . i^o ■ • • o| • • • 

= {W*y -.ti--- trn-liktm+l ■ ■ ■ tgO ■ ■ ■ 0\ ■ ■ ■ , 

where i/t + 1 appears in the l-th place {1 < I < r) in (w'Y and ik appears in the 
m-th place (1 < m < r) in u;'^, with 

(11) {^li • • ■ ^(-1, ^i+l, ■ ■ ■ ,tq} — {tir ' ' tm-l,tm+l, ' ' ' ,tq}, 

where{ii,--- ,tg} = {ii, • • • ifc, i^ + l, i^+i, • • • , jp,T, • • • n - in A{n, r)\{0§}. We 
prove now that the l-th place coincides with the m-th place. Let t e {ti+i, • • • , tq} 
and suppose by contradiction that t ^ {tm+i, ■ ■ • ,tq}. By pT|) it follows that t e 
{^1, • • • , tm-i}, hence we will have ik + 1 ^ t and t >- ik, and hence ik + 1 )^ t )^ ik 
in A{n, r) and this contradicts ik ^ {ik + 1)- 

Let now t G {ti, ■ ■ ■ ,tm-i}- Suppose by contradiction that t ^ {ti, ■ ■ ■ By 
([TT|) it follows that t G {ti+i, • ■ • , tq}, hence we will have t >- ik and ifc + 1 ;^ i, by 
which ifc + 1 y t )~ ik, and this contradicts ifc h + 1. By (fTTj) hence follows that 
m = I, and this proves that w'^ \= {w'Y. 
Case 4) 

Analogously to Case 3) with k such that r + l<fc<7i. □ 

Proposition 3.2. Ifw,w' e S{n,r) are such that w' C w, then w"^ C {w'Y- 

Proof. It is enough to consider a sequence of elements wa,wi,--- ,Wn such that 
w' = wq Q wi Q • ■ ■ Q Wn-i E = w where Wi covers Wi-i for i = 1, • • • ,n and 
apply Proposition 13 . 1 1 to Wi-i \^ Wi. □ 

In general, a posct P — (P, <) is called an involution poset if there exists a map 
' : P ^ P such that (i) (x')' — x and [ii) x < y, then y' < x' for all x,y ^ P. 
Recent studies related to this particular class of posets can be find in [1] and in 
[TU] , Hence by Proposition 13.21 and Remark WM {S{n, r), C,'^ , 0, 1) is an involution 
and distributive bounded lattice. If w — ii ■ ■ ■ ir\ji ■ • element of S{n,r), 

with < r < n, we can also consider the symbols ii, ■ ■ ■ i^, ji, ■ ■ ■ ,jn-r as elements 
in the alphabet A{n,n — r), where ji, • • • ,jn-r G {n ^ r >- ••• >- 1 >- 0^} and 
ii, - ■ ■ ,ir € {O'* >- 1 >- • • • ^ r}; in such case we will set = jn-r ■ ■ ■ ji\ir ■ ■ ■ ii- 
Then it holds that the map w G S{n,r) (— )■ g S{n,n ~ r) is bijective and it is 
such that 

(12) wQw' in S{n, r) <f=^ (w'Y □ in S{n, n - r), 

since (w*)* = w, for each w G 5'(n, r). Also the map w G ^(n, r) n> it;^ G ^(n, r) is 
bijective, and since {w'^Y — by Proposition [321 it follows that 

(13) wQw' in S{n,r) {w'Y E in S'(n,r). 
Therefore it holds the following isomorphism of lattices: 
Proposition 3.3. If < r < n, then S{n, r) = S{n, n — r). 

Proof. It is enough to consider the map ip : S{n, r) — )■ S{n, n — r) defined by ip{w) — 
(w^Y- Since the map ip is the composition of the map w G S{n, r) H> G S{n, n—r) 
with the map u G S{n,n — r) i— >■ u'^ G S(n,n — r), it follows that Lp is bijective. 
Furthermore, by ((T^ and ((T^ . it holds that 

w C ui' in S(n, r) ■<=> (p{w) C p{w') in S(n, n — r). 
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Hence Lp is an isomorphism of lattices. 



□ 



Example 3.4. S'(3, 1) ^ 5(3,2) and for example V3(0|01) = ((0|01)*)'= = (10|0)'= = 
(20ll),or(/j(l|02) = ((1|02)*)'= = (20|1)'= = (10|0), see the Hasse diagrams of Section 

m 



In this section we describe a generating algorithm for S{n,r), which will permit 
us to fix an order, from the left to the right on each subset of the lattice composed 
by elements with fixed rank. In the Hasse diagram we will provide an algorithm 
for giving, on each line, a total order from the left to the right. 
Set w = h ■ ■ ■ In G S{n,r) and let k G {1, • ■ • ^n} be fixed. If there exists an 
element If^ G ^{n, r) which covers Ik with respect to the order >- and such that 
{li, • • • , lk~i, Iki ^fc+i, ■ ■ ■^n) G S{n, r), we will say that is a generating index for 
the string w. If fc is a generating index for w and if If, is an element of A{n,r) 
which covers lk^ the string (Zi, • • • Ik-il^lk+i • • • In) will be called string of index k 
generated by w and it will be denoted with the symbol w[k]. If fc is a generating 
index of w contained in {1, • • • , r}, we will say that fc is a positive generating index 
of w; if fc is a generating index of w contained in {r + 1, • • • , n}, we will say that 
fc is a negative generating index of w. Let now si, ■ • • , Sp be the positive generating 
indexes of w (if p = there are no positive generating indexes of w) and ti, - ■ -tq 
the negative generating indexes of ui (if g = there are no negative generating 
indexes of w), with si < ■ ■ ■ < Sp < ti < ■ ■ ■ < tq. 

On the set {^[si],-- - ,w[sp\,w[ti\, ■ ■ ■ ,w[tq\] we introduce the following formal 
order < : 

(14) W[si] < W[S2] < ■ ■ < w[Sp] < Vj[tq] < ■ ■ ■ < w[tl] 

In the Hasse diagram of S{n, r) we will write the string generated by w following 
the order given in ()14p : w[si] on the left of 'w[s2], ■ ■ ■ ,w[sp\ on the left of wltq], 
• • • , w[t2] on the left of w[ti]. 

Example 4.1. If n = 9, r = 5 and w — 52000|0024, the positive generating indexes 
of w are 2 and 3, while the negative generating indexes are 8 and 9, therefore, by 
dm), we write w[2] = 53000 1 0024 < w [3] = 52100|0024 < u;[9] = 52000|0023 < ?i;[8] = 
52000|0014. 

Let now fc e {0, 1, ■ • • , R{n, r)} be fixed. We denote Sk{n, r) the set of elements 
of S{n,r) with constant rank fc. We want to define a total order ^ on Sk{n,r). If 
fc = there is nothing to say because there is a unique element of rank 0. If fc = 1, 
Si{n, r) coincides with the set of strings generated by • • • 0|12 • • • (n — r) and, in 
this case, ^ will coincide with the order < given in (|14|) . 

Let now fc be an integer such that 1 < fc < i?(n, r) and suppose to have ordered with 
the total order ^ all the strings of Sk{n, r). Suppose that Sk{n, r) = {wi, • • • , Wm} 
and that wi v- W2 ^ • ■ • ^ Wm (in the Hasse diagram of S{n, r) this implies that 
''^i, • • • , Wm are written from the left to the right). 

Let w}, - ■ ■ , wf' be the strings of S{n, r) generated by w^, for i = 1, ■ • • , m. By ([M)) . 
we can suppose that 



4. An Algorithmic Method for generating S{n,r) 



1 ^ ^ fci 



wL < ■ ■ ■ < w: 



m 
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We construct now ^ as follows: 
at first we set 

(f 5) wl. ^w'',' ^wl. ^w^^ s ^wl. ^ w'^ 



Then we have to eliminate in (|f 5p all the repeated strings. 

We examine the sequence (If 51) starting from w\ and continuing to the right till to 
. For i = f, • • • ,m if the string w'l' already appears among the strings on its 
left, then it will be deleted from the list ([T5|). otherwise it stays. At the end of the 
process it will remain the strings of Sk+i{n,r), each one appearing only one time 
in the list ([T5|) . 

Let us observe that we have chosen to order the strings generated by w as in 
(|f 4p because this choice gives great emphasis to the partition of S{n, r) into two 
sublattices that we will describe in the next section; however we can also choose 
a different order with respect to (|f 41) . in fact, in some cases it is more useful to 
consider the following order on the subset of strings generated by w : 



(16) w[si] < W[S2] < ■ • ■ < w[Sp] < w[ti] < • ■ • < w[tq]. 

In any case, no matter what is the chosen order, (ITi)) or ([TS]). for the subset of 
the strings generated by w, the previous algorithm stays unchanged in all the other 
aspects. We will say that the previous generative algorithm for S{n, r) is of type 
^ if it is based on the order ([T4| . and of type =4 if it is based on the order ([T6| . 
In the sequel of this paper we use the generative algorithm 

Example 4.2. Let n — r — Z and k = i. Then we have that 

5'o(6,3) = {000|123}. 

The generating indexes of 000|123 are 1 and 4, therefore, by ([H]), 

000|123[1] = 100|123 < 000|123[4] = 000|023; 

hence 

S'i(6,3) = {1001123 ^ 000|023}. 
The generating indexes of 100|123 are 1 and 4, therefore, as above, 

100|123[1] = 200|123 < 100|123[4] 100|023, 
the generating indexes of ODD 1 023 are 1 and 5: 

000|023[1] = 100|023 < 000|123[5] = 000|013; 
hence (after having deleted the repeated strings) 

52(6, 3) = {200|123 ^ 100|023 ^ 000|013}. 
The generating indexes of 200|123 arc 1, 2 and 4: 

200|123[1] ^ 300|123 < 200|123[2] = 210|023 < 200|123[4] = 200|023, 
the generating indexes of 100|023 are 1 and 5: 

100|023[1] = 200|023 < 100|023[5] = 100|013, 
the generating indexes of 000|013 are 1, 5 and 6: 

000|013[1] = 100|013 < 000|013[6] = 000|012 < 000|013[5] = 0001003; 
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hence (after having deleted the repeated strings) 

83(6, 3) = {300|123 ^ 210|123 ^ 200|023 x- 100|013 ^ 000|012 ^ 000|003}. 

In the next figure we have drawn the complete Hasse diagram of the lattice 5(6, 3) 
in which each horizontal line represents the sub-poset 5^(6,3) of the elements of 
rank k, with < fc < 12, written in a totally ordered way from the left to the right 
following the total order ^ previously described. 



32l|000 




000|123 
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5. A Recursive Formula for the Number 
OF Elements in S{n, r) of Rank k. 

In this section we give a recursive formula which counts the number of elements 
in S'(n, r) having fixed rank. At first we show that S'(n, r) can be seen as a translate 
union of two copies of S(n — 1, r) if < r < n and of S(n — 1, n — 1) if r = n. 

Proposition 5.1. Let n > 1 and r G N such that < r < n,. Then there exist 
two disjoint sublattices Si{n,r), 5*2(71., r) of S{n,r) such that S{n,r) = Si{n,r) U 
5*2 (n, r), where: 

i) Si{n, r) ^ S{n — 1, r) for i ~ 1,2, if < r < n; 

ii) Si{n, n) = S{n — 1, n — 1) for i ~ 1,2, if r = n. 



Proof. We distinguish two cases: 

i) < r < n; we denote by Si{n,r) the subset of S{n,r) of all the strings of the 
form w = ii- ■■ir\ji ■ ■ ■ in~i-r{n - r), with ji ■ ■ ■ jn-i-r e {O^T, • ■ • ,n-r -1}; 
moreover, we denote by S2{n, r) the subset of S{n, r) of all the strings of the form 
w = ii- • • v|0j2 • • -jn-r, with J2 ' ' ' jn-r £ {O^T, • • • ,n - r - 1}. 

It is clear that S{n,r) is a disjoint union of Si{n,r) and S2{n,r). We prove now 
that Si{n, r) = S{n — 1, r) for i = 1,2. Let i = 1 (the case i = 2 is analogous). It is 
obvious that there exists a bijective correspondence between Si{n, r) and ^(ti— 1, r). 
Furthermore, if w,w' € Si{n,r) are such that w — ii ■ ■ ■ ir\ji, ■ ■ ■ in-r~i{n — r), 
w = i^ - ■ ■ irlfi ■ ■ •in_r-i(" ~ foUows that w Qw' (with respect to the order 
on S{n, r)) if and only if ii ■ • • ir\ji ■ ■ • jVi-r-i ^ H' ■ ■ vlji ' ' ' Jn-r-i (with respect 
to the order in S{n — l,r)). Hence Si{n,r) is isomorphic to S{{n — 
Finally, since the order on S{n, r) is component by component, it follows that each 
Si{n, r) (for i = 1, 2) is a sublattice of S{n, r). 

ii) r = n; by i), there exist two disjoint sublattices Si{n,0), 6*2(71,0), of ^(n, 0) 
such that S{n,Q) = 6*1(71, 0) U S2{n,Q), with S^{n,Q) ^ S^{n - 1,0), for z = 1,2. 
By Proposition 13. 3[ it follows that S{n,n) = S{n,0), therefore there also exist two 
disjoint sublattices Si{n,n), 62(71,, tt.), of S{n,n) such that S(n,n) — Si{n,n) U 
6*2(71, n), where 6^(77,, n) = Si{n, 0) ^ 6(71 — 1, 0) ^ S{n — l,n — 1), for i = 1, 2, 
again by Proposition lS.SI □ 



If 71 > 1, the element of minimal rank of the sublattice 62(77,, r) is obviuosly 
w = 0---0|012---(7i-r-l). 

This element has rank as element of (62(77,, r'), C), but in S{n,r) has rank given 

by 

p{w) = (1 - 0) + (2 - 1) + (3 - 2) + • ■ • + ((71 - r) - (71 - r - 1)) = 71 - r. 
Therefore we can visualize 62(11, r) (in the Hasse diagram of 6(71, r)) as an upper- 
translation of the sublattice 61(11, r), of height (11 — r). 



Example 5.2. For example, this is the Hasse diagram of 6*(5,3) as a translate 
union of 6*1 (5, 3) = 6'(4, 3) (red lattice) and of 6*2(5, 3) = 6*(4, 3) (green lattice). 
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321|00 




320|00 
O 310|00 

300|0CO 210|00 
200 1 00 
100|00 
000 1 00 



000|01 
000|02 



000|12 

Given the lattice S{n, r), for each k such that < fc < R{n, r), we denote with 
s(n,r,k) the number of elements of S{n,r) with rank k. It holds the following 
ricorsive formula for s{n, r, k) : 

Proposition 5.3. Let n > 1. //r e N is such that < r < n, then 

{s{n — l,r, k) if Q < k < {n — r) 

s{n — l,r,k) + s{n — 1, r, fc — (n — r)) if {n — r) < k < R{n — 1, r) 
s{n — 1, r, fc — (n — r)) if R{n — 1, r) < fc < R{n, r) 

If r — n, then s(n,n,k) — s(n, 0, fc) . 

Proof. Case 1) Let fc be such that < fc < (n — r). By what we have asserted 
before, the element w (i.e. the minimum of S2{n,r)) has rank (n — r) in S{n,r), 
hence, by Proposition 15.11 it follows that s(n, r, fc) coincides with the number of 
elements of rank fc in Si(n,r) and since Si{n,r) = S(n — l,r), it follows that 
s(n, r, fc) = s{n — 1, r, fc). 

Case 2) Let fc be such that [n — r) < k < R{n — l,r). In this case, the number of 
elements of rank fc in S(n, r) coincides with the sum of the number of elements of 
rank fc in S'i(n, r) and of the number of elements of rank [fc — (n — r)] in S2{n, r). 
Since Si{n,r) = S2{n,r) ^ S{n— l,r), it follows that s{n,r,k) = s{n — l,r, fc) + 
s{n — 1, r, fc — (n — r)). 

Case 3) Let fc be such that R{n — l,r) < fc < R{n,r). In this case s{n,r,k) 
coincides with the number of elements of rank [fc — (n — r)] in 5*2 (?^, r), and since 
S'2(n, r) = S'(n — 1, r) it follows that s(n, r, fc) = s(n — 1, r, fc — (n — r)). 

Finally, if r = n, the last equality follows from the isomorphism S{n, n) = 
S{n,0). □ 
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It is clear that we would prefer a closed formula for the numbers s(n, r, fc), how- 
ever at present the previous recursive formula is the best possible result that we 
have. By the recursive formula stated in Proposition l5.3[ the first values of s{n, r, k) 
are given by: 
s(0,0,0) = l, 

s(l,0,0) = s(0,0,0) = 1, s(l,0,l) = s(0,0,0) = 1, 
s(l,l,0) = s(l,0,0) = 1, = s(l,0,l) = 1, 

s(2,0,0) = 1, s(2,0,l) = ,s(l,0,l) = 1, s(2,0,2) = s(l,0,0) = 1, 
s(2,0,3) = s(l,0,l) = l, 

s(2, 1, 0) = 1, 0) = 1, s(2, 1, 1) = 1, 1, 0) - 2, s(2, 1, 2) = 1, 1) = 

1, 

s(2, 2, 0) = s(2, 0, 0) = 1, s(2, 2, 1) = s(2, 0, 1) = 1, s(2, 2, 2) = s{2, 0, 2) - 1, 
s(2,2,3) = s(2,0,3) = l. 

If P is graded poset of rank m and has pi elements of rank i, for each < i < m 
, then the polynomial F {P, t) = X]i=i Pi^^ called the rank-generating f unction 
of P. If P and Q are two graded posets respectively with rank-generating functions 
F{P,t) and F{Q,t), then P x g is also graded and P (P x Q,t) ^ F {P,t) ■ F {Q,t) 
(see US])- 

This leads to the following Cauchy-type formula for s{n, r, k). 

Proposition 5.4. If Q < r < n and < k < R{n, r) then s{n, r, k) — X^iLo 
s{n — r,n — r,k — i). 

Proof. The rank-generating function of S{n, r) is F {S{n, r),t) = J2k=Q^'' ^)^'^- 
By Propositions 12.11 and 13.31 it follows that 
S{n, r) = S{r, r) x S{n — r, 0) ^ S{r, r) x S{n ~ r,n ~ r). 
Hence 

F {S{n, r), t) ^ F {S{r, r) x S{n -r,n-r),t) ^ F {S{r, r), t)-F {S{n -r,n- r), t) 
Then 

F{S{n,r),t) = {j:fJ;7^s{r,r,l)t^) ■ (j2fil'^--^h{n - r,n ~ r, 

= -) y!:^^ k - ^)t^ 

k=o Lj=o y^i^ -r,n-r,k- i)^^ , 

hence the thesis follows. □ 

The last result of this section shows a symmetric property of S{n, r). 

Proposition 5.5. If < r < n and k = R{n, r), then s{n, r, i) — s{n, r,k — i) for 
0<i<k. 

Proof. We recall that Si{n, r) is the set of elements of S{n, r) with rank /, for each 
< I < k. It is enough to consider the map / : 5,;(n,r) — > Sk-i{n,r) defined by 
f(w) = w". 

At first we observe that / is well-defined, because if w G Si{n, r) then p{'w) — i and, 
by Proposition [231 p{w'^) = k — i, therefore w"^ G Sk-i{n,r). The map / is injective 
because by {w'^Y — w it follows that Wi — W2 ^ wi — W2. To show that / is also 
onto, we take v e Sk-i{n, r) and w = v'^. Since p{v) — k — i,hy Proposition 12.51 we 
have that k = p{v'^) + p{v) — p{w) + p{v) = p{w) + {k — i), hence p{v'^) = i, i.e. 
w € Si{n, r) and f{w) = w'^ = {v^Y = v, so f is onto and hence / is bijective. □ 
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6. Relation between Weight Functions, the Lattices S{n,r) 

AND S{n,d,r) AND THE NUMBERS j{n,r) AND j{n,d,r). 

Definition 6.1. A {n,r) -function is an application f : A{n,r) — > R which is 
increasing and such that /(O^) = 0, i.e.: 

(17) /(f) > • • • > /(i) > /(0§) = > /(T) > • . • > f{W^). 
We call F{n,r) the set of the {n,r)- functions. 

Definition 6.2. The function f is a {n,r)-weight function if |_?7| ) holds and if: 

(18) /(i) + • • ■ + /(f) + /(T) + • ■ • + f{W^) > 0. 
We call WF(n,r) the set of the (n,r) -weight functions. 

Definition 6.3. If f is a [n^r)- function, we define the sum function induced by f 
on S{n, r) 

S/ : S{n,r) -J. R 

the function that associates to w £ S{n, r), w — ii ■ ■ ■ ir \ ji ■ ■ ■ jn-r, the real num- 

her Efiw) = fill) + ■■■ + f(lr) + fin) + ■■■ + f{jn-r). 

Proposition 6.4. // / is a (n,r) -function and if w,w' G S(n,r) are such that 
w C w' , then S/(w) < S/(w'). 

Proof, li w — ii ■ ■ ■ ir \ ji ■ ■ ■ jn-r Q w' — ii ■ ■ ■ i^lJi ■ ■ • j„-ri then we have that 
ii di i'l, ■ ■ ■ , ir i'r, ji d j'l, •■• jn-r d j'n-r'^ hence, since / is increasing on 
A{n, r), the assertion fonows immediately by definition of the sum function Yif. □ 

Proposition 6.5. If f is a {n,r)-weight function and if w £ S{n,r) is such that 
S/(w) < 0, then T.fiw'') > 0. 

Proof. By definition of the two binary operations n, U and of the complement 
operation on S{n, r), we have that 

w U w'^ = r ■ ■ ■ l\l ■ ■ ■ (n ~ r) 

and 

wHw" = 00---0|0---0. 
Hence, by definition of S/ and since /(0§) — 0, we have that 

S/(u;) + I]/(«;^) = S/(w U w^) = /(l) + • • ■ + /(f) + /(T) + • ■ • + f{lT^) > 0, 

by dUl). Hence, ii^f{w) < 0, we wih have that S/(w'=) > 0. □ 

If / is a (n, r)-function, we set: 

5+(n,r) = e S{n,r) : E/(w) > 0}; 

furthermore, if d and r are integers such that 1 < d, r < n, we set: 

S+{n,d,r) = {w e S{n,d,r) : S/(w) > 0}. 

Observe that, in general, neither S^{n, r) nor S'j'(n, d, r) are sublattices of S{n, r), 
because they are not closed with respect to the operation of inf (A). They are 
simply sub-posets of 5'(n, r) with the induced order. 
We set 

{(i) j{n,r) = min{|S'1"(n, r)| : / is a (n,r)-weight function }; 
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((5) '){n^d^r) — Tah\{\S^ {n, d,r)\ : f is a (n, r)-weight function }. 



It is easy to observe that the numbers defined in (/3) are exactly those in ([1]) of the 
introduction, while the numbers defined in (S) are the same of those in ^ in the 
introduction. We use therefore both the notations. 

The Theorem 1 of [^T] applied to our context, gives the following 

Proposition 6.6. For each r e N with I < r < n, we have that: 

i) 7(n,r) > 2"-i + l, 

ii) 7(n, 1) < 2"-i + 1. 

The difference between our situation and the Theorem 1 of [21] is that we admit 
the string • • • 0|0 • • • in the set S~l'{n, r), i.e. we admit the empty set. For this 
reason in i) and ii) the number (2"^^ + 1) appears instead of 2"~^ of [2T[. 
In the next section, we will link the numbers 7(r7,, r) and 7(n, d, r) to a mini- 
mum problem on a family of boolean functions defined on the lattices S{n, r) and 
S{n, d, r). 

7. Weight Functions and Boolean Functions on S{n,r). 

In this section we show how to associate to any (n, r)-function and to any (n, r)- 
weight function a Boolean function on S{n,r). Our aim is to connect the study of 
the (n, r)-weight functions and of the related extremal problems (in particular the 
computation of 7(71, r) and 7(71, d, r)) to some boolean functions on S{n, r). 
If / is a (n, r)-function (or a (n, r)-weight function), we can define the map 



In order to underline the essential properties of the map A f , we introduce the con- 
cept of (n, r)-boolean map. 

Definition 7.1. A {n,r) -boolean map (briefly {n,r)-BM) is a map A : S{n,r) 2 
with the following properties: 

ai) if wi,'W2 G S{n,r) and wi C W2, with A{wi) — P, then A{w2) = P; 

0-2) if Wi,W2 G S{n^ r) and wi C W2, with A{w2) — N , then A{wi) = N; 

as) A(0 • • • 0|0 • • • 0) = P and A(0 • • • 0|0 • ■ • 01) = N. 

Definition 7.2. A {n,r) -weighted boolean map (briefly {n,r)-WBM) is a {n,r)-BM 
A : S{n, r) — >■ 2 which satisfies the following two properties: 

04) if w €z S{n,r) is such that A{w) ~ N, then A{w'^) — P; 
as) A{r{r -!)■■■ 21|12 ■■■(n-r)) = P. 

We denote by B{n,r) the family of all the (n, r)-BM's and by WB{n,r) the 
family of all the (n, r)-WBM's. 



Af : S{n,r) 2 



setting 




S/(w) > 
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Proposition 7.3. i) If A : S{n,r) ^ 2 then: 

A satisfies ai) <;=> A satisfies 02) A is order-preserving. 

ii) if f is a (n,r) -function, then Af is a {n,r)-BM. 

iii) if f is a {n,r) -weight function, then Af is a {n,r)-WBM. 

Proof, i) The assertion is straiglitforward, tlianlcs to an argument by contradiction. 

ii) Let / be a (n, r)-function. Suppose that wi,W2 G S{n,r) and that wi ^ W2. 
By Proposition 16. 4[ it follows that T,f{wi) < T,f{w2). Suppose that Af{wi) > 
Af{w2)- This would imply that Af(wi) — P and Af{w2) = N, i.e. (by definition 
of Af) T,f{wi) > and 'Ef{w2) < and this is a contradiction. Hence Af is order- 
preserving. The property 03) holds by definition of S/ and Af. 
iii) Let / be a (n,r)-weight function. Let w G S{n,r) such that Af{w) — N. 
By definition of Af, we have that ^f{w) < 0, and hence, by Proposition 16. 5[ 
T,f{w'^) > 0, i.e. — P. Hence Af satisfies 04). The property 05) is obviuosly 

satisfied, by definition of E/ and Af since / is a (n,r)-weight function. □ 

Definition 7.4. A map A G B{n, r) is said to be numerically represented if there 
exists a {n,r) -function f G F{n,r) such that A ~ Af. 

Definition 7.5. A map A G WB{n, r) is said to be numerically represented if there 
exists a {n,r) -weight function f G WF{n,r) such that A — Af. 

Set 

RB{n,r) — {A G B{n,r) : A is numerically represented}, 
RW B{n,r) — {A G WB{n,r) : A is numerically represented}. 

Proposition 7.6. i) RB{n,r) is identified with a quotient of F{n,r). 

ii) RW B{n,r) is identified with a quotient of W F{n,r). 

Proof, i) We define on F{n,r) the following binary relation: ii f,g G F{n,r), we 
set f ^ g \i for each w G S{n,r), we have that I^f{w) > ^g{w) > 0. 

Then ^ is an equivalence relation on F{n,r). By Proposition [731-*j)i if / £ 
F(n,r) it follows that Af G B{n,r). Therefore it is defined a map ip : F{n,r) 
B{n,r) such that (p{f) — Af. 
Then, if f,g G F{n,r), it follows that: 

(/ ^ 9) *^=^ (for each w G S{n, r), S/(i«) and Sg(w) have the same sign) 

<J=4> {Af{w) = Ag{w) for each w G S{n,r)) ^p{f) = v{g)- 

By the Universal Property of the quotient, there exists a unique injective map 
ip : F{n, r) — )■ B{n, r) such that the following diagram commutes: 

F{ti, r) B{n, r) 




F{n,r)/ ^ 



where v is the projection on the quotient. Since the image of ip is exactly RB(n, r) 
and since it coincides with the image oi (p, it follows that is a bijective map 
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between F{n,r)/ ^ and RB{n,r). 

Analogously we prove m), using Proposition 17. 31 -zm) . □ 
If A e WB{n, r), we will set 

S+{n, r)^{we S{n, r) : A{w) ^ P}, 
and if d > 1 is such that d < n, we will set: 

S^{n, d, r) = {w<E S{n, d, r) : A{w) = P}. 
Furthermore, we set: 

7(n, r) = niin{|S'^(n, r)\ : A G WB{n, r)}, 
7(n, d, r) = min{15'^(n, d,r)\ : A e WB{n, r)}, 

7(n,r) = min{ I S'|(n,r) I : A G RWB{n,r)}, 
7(n, d, r) = mm{\S^{n, d,r)\ : A e RWB{n, r)}. 

Proposition 7.7. i) 7(71., r) = 7(71, r) > 7(n, r). 

ii) 7(rt, d, r) — 7(71, d, r) > 7(71,, d, r). 

Proof, i) The inequality 7(71, r) > 7(71, r) is obviuos because RWB{n, r) is a subset 
of WB{n,r). We prove that 7(71, r) — ^(n,r). Let / be a (ri, r)-weight function 
for which it holds j{n,r) = \S^{n,r)\. Then Af £ RWB{n,r) and (by definition 
of Af) we have that: {n,r) = {w e S{n,r) : Af{'w) = P] = {w £ S{n,r) : 
S/H>0} = 5+(n,r). 
Hence 

^{n,T) = \S+{n,r)\ = \S%\>-l{n,r), 
because Af 6 RWB{n,r). 

On the contrary, let A G RWB{n, r) such that 7(72, r) = |'5^(77., 

Since A is numerically represented, there will exist a {n, r)-weight function / £ 

WF{n,r) such that A = Af. Then we have that 

S\ {n,r) = S\^. {n,r) = {n, r) , 

and hence 

7(7i,r) \S^(n,r)\ = \Sj{n,r)\ > -f{n,r). 
This proves that j{n, r) — j{n, r). 

The proof of ii) is similar to i). □ 

It is natural now to assert the following two problems: 
First Open Problem : B{n,r) — RB{n,r) ? 
Second Open Problem : WB{n,r) — RWB{n,r) ? 

If RWB{n,r) coincides with WB{n,r) (i.e. if any (n, 7-)-weighted boolean map 
is numerically represented) then 7(77,, r) — ^ln,r) and ^{n,d,r) — '^{n,d,r), by 
Proposition 17.71 If the answer to the second open problem is affirmative, this 
would imply that each time we give the boolean formal values N or P to each string 
of S{n,r) in such a way that the rules oi) — 05) are respected, then there exists 
a numerical attribution to the singletons which permits the reconstruction of the 
configuration of N's and P's in a unique way. In other words, if the assertion of the 
Second Open Problem holds we have an effective representation theorem. 
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